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Abstract

Monetary risk measures have gained popularity for expressing decision-makers’ risk aversion.
Value-at-Risk (VaR) and Conditional-Value-at-Risk (CVaR), in particular, are used com-
monly for this purpose. This paper proposes new efficient algorithms to compute these risk
measures for a discrete random variable in expected linear time with respect to the size of
its domain. First, we propose QuickVaR, an algorithm that computes the VaR of a discrete
random variable. Then, we leverage QuickVaR to propose QuickDivergence, an algorithm for
computing a class of p-divergence risk measures, including the popular CVaR, risk measure.
The QuickVaR algorithm adapts the well-known quickselect algorithm, while QuickDiver-
gence builds on polymatroid optimization algorithms. Numerical results show that our new
algorithms offer speedups of up to nearly an order of magnitude for large domains. A library
implementation is available at https://github.com/RiskAverseRL/RiskMeasures. j1.

1 Introduction

Monetary measures of risk generalize the expectation operator to be able to represent the risk aversion of
decision-makers in domains that range from robotics (Akella et al., 2024; Benrabah et al.; 2024; Majumdar
and Pavone, 2020) to finance (Follmer and Schied, 2016) to energy system planning (Inzunza et al., 2016)
and disaster response (Barahona et al., 2013). Value-at-Risk (VaR) and Conditional-Value-at-Risk (CVaR)
are the most popular risk measures and have made inroads in reinforcement learning, machine learning,
and decision making (Chavez and Li, 2026; Ding and Feinberg, 2023; Godbout and Durand, 2025; Muni
et al., 2026; Petrik et al., 2024; Sadana et al., 2026; Xia et al., 2023). Machine learning and reinforcement
learning algorithms typically must compute the risk measures quickly for large discrete random variables.
For example, risk-averse reinforcement learning algorithms evaluate the risk measure many times in every
iteration, which can represent a significant computational bottleneck (Hau et al., 2023a; 2025; Ho et al.,
2018; 2021; 2022).

In this paper, we propose linear-time algorithms for computing risk measures of discrete random variables.
First, we develop QuickVaR, an algorithm that computes VaR in expected linear time and generalizes the
well-known quickselect algorithm. Second, we develop QuickDivergence, an algorithm that computes, in
expected linear time, @-divergence risk measures (Ahmadi-Javid, 2012) that satisfy a specific piecewise
linearity property. This algorithm reduces y-divergence risk measures to linear minimization problems over
polymatroids (Follmer and Schied, 2016). We illustrate this algorithm for the well-known CVaR risk measure
and a related TVaR risk measure. Both of these risk measures are in the ¢-divergence family and satisfy the
required linearity property.

Our algorithms’ time complexity improves on the state of the art by a logarithmic factor. Virtually all
implementations of VaR and CVaR algorithms require sorting the input arrays (Follmer and Schied, 2016).
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Comparison-based sorting requires Q(nlogn) operations where n is the size of the probability space (Korte
and Vygen, 2012). Our numerical results show that the logarithmic acceleration can lead to a nearly order-
of-magnitude speedup for realistic large problems without incurring any penalty for small problems. In
addition, our linear-time algorithms have simple implementations that add minimal complexity over standard
algorithms.

We now summarize some of the most relevant fast algorithms for solving problems similar to comput-
ing risk measures. Some examples of such structured optimization problems are the projection onto the
simplex (Adam and Mdcha, 2022; Wang and Carreira-Perpinian, 2013), projection onto the k-capped sim-
plex (Ang et al., 2021; Lim and Wright, 2016), linear optimization on the intersection of L, or ¢-divergence
balls and the probability simplex in robust optimization (Ho et al., 2022), optimization for p-divergence risk
measures (Ahmadi-Javid, 2012), and over polymatroids (Korte and Vygen, 2012). The preponderance of the
literature proposes algorithms that require sorting. The few exceptions to this approach (Condat, 2016; Lim
and Wright, 2016) focus on fast projections that optimize quadratic objectives. Finally, our QuickVaR is
similar to the no-sort algorithm for computing the weighted median but returns the same value only when
the quantile is unique. We discuss this connection in more detail in Remark 3.5.

The remainder of the paper is organized as follows. Section 2 describes the necessary background including
risk measures, ¢-divergence, and polymatroid optimization. Then, Section 3 proposes QuickVaR to compute
VaR in linear time. Section 4 builds on QuickVaR to develop QuickDivergence, which computes certain
p-divergence risk measures in linear time. We evaluate the algorithms numerically on synthetic and realistic
problems in Section 5.

2 Preliminaries

Notation: We restrict our attention to random variables defined on finite probability spaces (€2, 2%, p) where
Q:={1,....,n}, p € A,, and A, is the n-dimensional probability simplex. We use a tilde to indicate a
random variable, such as Z: Q — R. Vectors are denoted with a lower-case bold font, such as € R™ and
indexed as x; for i = 1,...,n. We use the function notation  and vector notation x interchangeably, such
that z, = Z(w),Vw € Q. Sets are denoted with calligraphic letters, and R:=RU {—00,00} denotes the
extended real line, and R>( are non-negative reals. The symbol N denotes all natural numbers including 0
and a:b := {a,a+1,...,b} for a < b € N and the empty set otherwise. Given a set A C 1:n, we use T4
to denote the subvector of x indexed by A. x,.;, is the subvector indexed by a:b and comparisons such as
Ty < y are interpreted element-wise. Finally, the symbol 1 denotes a vector of all ones of the appropriate
dimension and 1p € R™ for O C () is an indicator vector of the set O.

Monetary risk measures p: A, x R — R are functions of a probability measure and a random variable that
are monotone and translation invariant (Follmer and Schied, 2016). Risk measures generalize the expectation
operator to account for uncertainty in a random variable’s distribution. We apply risk measures to random
variables representing rewards and suppose that higher risk-adjusted values are preferable. For the sake of
streamlining the notation, we omit the probability measure when it is obvious from the context and only
write p[Z] to compute the risk value.

Value-at-Risk (VaR) is a popular risk measure and is defined for a € [0,1) and & € R™ as (Follmer and
Schied, 2016; Shapiro et al., 2014)

VaRq [7] = max {T€R|PE<7]<a}=max {reR|P[Z>7]>1-a}, (1)

where the maximum exists because 7 — P[Z < 7] is lower semi-continuous. One can readily see that
VaRg[Z] = essinf[Z], and VaR4[Z] = oo.

A p-divergence risk measure DRy g: R™ — R is defined for ¢: R — R and 8 € R>¢ as (Ahmadi-Javid, 2012)

DRy g[2] := inf{qT:c lg €A, Hy(qllp) < B, < P} (2)
—up (el (57 00) ) ®
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Table 1: Parameters for relevant op-divergence risk measures for a € (0, 1).

Risk measure | o(y) ©* () |
ify=1
E {O ny ) T 0
oo otherwise
.f l
CVaR,, 0 ifye [0’ al L max {0, x} 0
oo otherwise «
ylogy ify>0
EVaR, 0 ify=0 exp (z — 1) log L
0 ify<0

-1 ify> -1} ifz <1
TVaR, =1l ify=0 max{e, —1} iz < min {, /210gl,2}
00 ify<0 00 otherwise *

where ¢*(x) is the convex conjugate of p(y), ¢ is a closed, convex function that satisfies ¢(1) = 0, and H,,
is a @-divergence measure (Bayraksan and Love, 2015):

Hy(glp) =) pu-¢ (ZZ) :

weN

defined for ¢ < p. Here, ¢ < p denotes that q is absolutely continuous with respect to p, meaning
that p, = 0 = ¢, = 0 for each w € 1:n. We adopt the common conventions that 1/0 = oo, 000 =
0 (Rockafellar and Wets, 1998) and 0-¢(0/0) = 0. It is important to note that p-divergence risk measures are
coherent, which means they are concave and positively homogeneous. Any coherent risk measure p: R* — R
satisfies that p[#] = infgeo g for some closed convex non-empty set @ C A,, (Follmer and Schied, 2016,
proposition 2.84).

Table 1 summarizes several common ¢-divergence risk measures for « € (0, 1); see Section 4.2 for the relevant
definitions for o € [0,1]. We focus on the Conditional-Value-at-Risk (CVaR), which is a p-divergence risk
measure and defined equivalently for Z € R™ and « € (0, 1] as (Follmer and Schied, 2016)

CVaR,[Z] := max (z 1 E[zi]+> =min{z'q|ge A, g<a'p}, (4)

and extended continuously to CVaRg[Z] = essinf[Z].

We also study another p-divergence risk measure, which is called Total-Value-at-Risk (TVaR), defined for

a € (0,1] as
- . T . 1
TVaR,[Z] := min<z q|q € A,, ||p—q|i <min 2log 572 ,qLpy, (5)

and extended continuously to TVaRg[Z] = essinf[Z].

We also refer to the Entropic- Value-at-Risk (EVaR), which is the ¢-divergence risk measure obtained from
o(y) :=ylogy for y >0 and 5 = logé for a > 0 in Table 1. Because the corresponding ¢-divergence is the
Kullback-Leibler divergence H,(q|lp) = KL(q|[p) = >_ . cq ¢ log g—:, the EVaR is equivalently defined for
a € (0,1] and € R™ as (Ahmadi-Javid, 2012)

1
EVaR,[Z] := min {qu | g€ An, KL(g|lp) <log —.q < p} : (6)

and extended continuously to EVaR[Z] = essinf[Z].
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Figure 1: Comparison of risk measure values for a normal distribution with mean 0 and standard deviation
1 as a function of the risk level a.

An important property of TVaR, is that it bounds EVaR (Ahmadi-Javid, 2012; Hau et al., 2023a; Su et al.,
2025) from below, as we show next and illustrate in Figure 1.

Proposition 2.1. For each & € R", the risk measures above extended to o € [0, 1] satisfy that

VaR, [#] > CVaRy, [7] > EVaR, [7] > TVaR. [7].

Proof. The inequality for VaR and CVaR is well known, and the inequality for CVaR and EVaR follows
from (Ahmadi-Javid, 2012, proposition 3.2). Recall that Pinsker’s inequality (Boucheron et al., 2013, theo-

rem 4.19) shows for p,q € A,, that |p—q||1 < 1/2KL(g||p). Then we prove that TVaR lower-bounds EVaR
as

1
EVaR,[Z] = inf {qT:L' | g € A, KL(q|lp) < log a,q < p}

1
Zinf{qvalqumllpq||1§\/2loga,q<<p}
. T ) 1 -
=inf<qg' x|qgeA,,|p—q|i <min 2loga,2 ,q < pp=TVaR,[Z].

Recall that ||p — g1 < 2. O

3 Computing VaR in Linear Time

We now describe the QuickVaR algorithm, show that it computes VaR, and show that it runs in linear
expected time.

The standard VaR algorithm for a discrete random variable € R™ with distribution p € A,, and risk level «
proceeds as follows (Privault, 2026, listing 6.25). It sorts the entries of x to get a permutation o: 1:n — 1:n
such that i +— ;) is monotone. Then, it finds an index ¢ € 1:n such that

i—1 7
Zpam <a< Zpa<j>~
j=1 j=1

The value z,(;) is the optimal solution in (1) by Lemma 3.2 below. The computational complexity of this
algorithm is Q(n logn) because its runtime is dominated by the need to sort the entries of . For the sake of
completeness, Algorithm A.1 in the appendix summarizes the standard greedy approach to computing VaR.

QuickVaR, described in Algorithm 3.1, computes VaR in expected O(n) time by avoiding the need to sort the
elements of the input random variable x. In particular, QuickVaR partially sorts the indices of &, analogous
to the quickselect algorithm (Horowitz et al., 1998).
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Algorithm 3.1 is recursive and applies for a risk level a to a random variable & with a distribution p € A,
as follows. In addition, the input is f (front) and b (back), which delimit the indices of & it manipulates.
The algorithm first picks a pivot element v = z; with j chosen uniformly at random from f:b. The random
pivot selection is essential to achieve an expected linear time complexity. Given a pivot, we use partition
to partially sort the entries of @ into three ranges, where [ and g are the indices returned by partition:
Go = f:(I-1), Gy = l:g, and Gy = (g + 1):b. These three ranges satisfy z¢, < v, g, = v, g, > v. Then,
the algorithm checks for the conditions of Lemma 3.2 to determine which of the three ranges contains the
VaR value. Finally, if the VaR value is in range G or G5, the algorithm calls itself recursively with adjusted
f, b, and a.

The partition procedure in Algorithm 3.1 uses the Dutch national flag algorithm to partition the input array
into the three groups. The algorithm runs in linear time, and the properties of its output are given in
Lemma A.3. For the sake of completeness, we provide the reader with the algorithm in Algorithm A.2 in
Appendix A.

We present Algorithm 3.1 recursively to simplify its analysis. However, a loop-based, non-recursive imple-
mentation, such as Algorithm A.3 in Appendix A, typically performs better in imperative languages.

Algorithm 3.1: QuickVaR: Recursive VaR algorithm (when f =1,b=n)

Input :z€R", peA,, a€[0,1), f,b€ 1:n such that f < b and Z?:fpj >«
Output: VaR,[Z]

1 V4= Trand(f:b) » // Pivot

2 1,g, &', p’ + partition(x, p, v, f,b) ; // Algorithm A.2
-1 - -1

BtHijfp;‘; //t:P[x<U]7Z{=1pi

4 e 200 /] e=P[z =

5 if a <t then // a+2{:—11pi<P[§:<v]

6 ‘ return QuickVaR(x',p’, o, f,1 — 1)

7 else if t + e < a then // P[igv]§a+zlf;11pi

8 ‘ return QuickVaR(a',p’,a —t —e, g+ 1,b)

9 else return v ;

The following theorem states the correctness of QuickVaR.

Theorem 3.1. Algorithm 3.1 executed with f =1 and b=n and o € [0,1) returns VaR,[Z].

Before proving Theorem 3.1, we need to show several important lemmas. The following lemma, which holds
only for discrete random variables, shows that the VaR value is a probability atom of the distribution of &
that satisfies (7).

Lemma 3.2. Assuming o € [0,1), there exists w € Q with v := VaR, [Z] = z, and

Pz <v]<a<Pz <. (7)

Proof. First, we show that any v that satisfies (7) solves (1) optimally. The implication P [z <v] <
a = v € {teR|P[Z<t] <a} follows immediately. Second, we prove a < P[Zz <v] = Vt €
{teR|P[Z <t] <a},v >t by contradiction. Suppose that It € {t e R |P[Z < t] < a},v < t. Then, by
the monotonicity of the probability operator, we get a contradiction as

a<Plz<v]<P[Z<t]<a.
Then, the existence of z,, = v follows from Lemma A.1 because (7) implies that
Pz = VaR, [Z]] =P [Z < VaR, [Z]] - P[Z < VaR, [Z]] > a —a = 0.

Note that since €2 is finite and a < 1, the solution v := min{z,, | P[Z < z,] > a} exists. O
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The following lemma shows the recursive property of QuickVaR and is the main building block of Theorem 3.1.

Lemma 3.3. Suppose that the input conditions of Algorithm 3.1 hold and x € R™ satisfies that

max Ty,(;—1) < minxy.y, max ., < mMin T 1), (8)
where xg = —oc0 and T,41 = +00. Then Algorithm 3.1 returns x,,,w € f:b such that
f—1
Pz <z, < a—l—Zpi < Plz<uz,]. (9)
i=1

Proof. From (8) and Lemma A.3, t and e on lines 2 and 3 satisfy that
f-1
t=P[i<v]—Zpi, e=P[z=1]. (10)
i=1

We proceed by induction on k = b — f. Base case: k = 0. Since b = f, we have that v = x, and | = g = b,
t =0, e = pp, and o > t. The input condition implies that t+e = p, > . Because t < a < py, the algorithm

returns v on line 8 that satisfies ;
—1

Pz < v §a+2pi<ﬂ"[£§v].
i=1
Above, the first inequality follows from v = 5 and 0 < . The second inequality follows from the algorithm’s
input condition.
Inductive step. Suppose that k > 0 and that the result holds for each k' < k. Then:

(i) If a < t, the algorithm executes the first if statement on line 4. Because 0 < a < t, the recursive
call satisfies the required input conditions: f < [ — 1 and Zé;lf p; = t > a. The recursive call also

satisfies (8) by Lemma A.3, and we can conclude that (9) follows from the inductive hypothesis because
I—1—-f<b—-1—-f<k—-1<k.

(ii) If t+ e < «, the algorithm executes the second if statement on line 6. We show that the input conditions
for the recursive call are met. Because t 4 e = Z?: iy Sa< Z;z 132; (the second inequality is the input
condition), it must be that g < b and therefore g + 1 < b. Also, by the algorithm’s input condition and
algebraic manipulation, we get that

b

b
Z ijij—t—e>a—t—e,

Jj=g+1 Jj=f

and the input conditions hold. Because (8) follows from Lemma A.3 and b—g—1 < b— f < k, the inductive
hypothesis implies that there exists z,, such that

Pz<z,] < (a—t—e)+Pz<v] < Plz<a,).
Then, (9) follows by algebraic manipulation after substituting ¢, e from (10).

(iii) If ¢t < a < t + e, the algorithm executes the else statement on line 8, and the inequality (9) holds by
substituting ¢, e from (10). O

We are now ready to prove the correctness of QuickVaR.

Proof of Theorem 3.1. With f =1 and b = n, the condition in (8) holds vacuously, and the input condition
Z?Zl p; = 1> a holds since a € [0,1). Therefore, Lemma 3.3 shows that QuickVaR returns z,, that satisfies

Pli<z,] < a < Plz<uz,,

which satisfies (7) and, therefore, it equals the VaR value by Lemma 3.2. O
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With the correctness of Algorithm 3.1 established in Theorem 3.1, we now show its computational complexity.

Theorem 3.4. Algorithm 3.1 runs in expected O(n) time.

Proof. The proof is analogous to the standard quickselect algorithm, as in theorem 3.3 in Horowitz et al.
(1998), except that we need to keep track of the risk level a.. Fix some n € N, «, and p, and we study the
algorithm’s properties. Let T': 1:n — [0, 00] be the ezpected runtime of Algorithm 3.1 such that T'(k) is the
expected runtime when executed with k£ := b — f + 1 for the worst-case of the other parameters. Note that
T'(k) is monotone. To simplify the notation, we assume without loss of generality in the remainder of the
proof that f =1 and b = k. Then, let

l:=|{i € 1:k | 2; < VaRa[7]}].

Note that by the assumption Z;’-:f p; > «a, we have that £ > 1 and VaR,[Z] < max;cs.px;. Therefore,
1 € 0:(k —1). The algorithm terminates in constant time when k = 1, and we upper-bound the runtime for
the worst-case choice of [ for k > 1 as

1
Tk)<d-k -
(k) < +leén:(%}£1)k:

i=l+1 =0
1 k—1 k—1
=d-k+ max - () + TG) |, H
1€0:(k—1) k <Z§1 v i=k—1 ( )> Y

where d - k is the local runtime of the algorithm for some d > 0 and T'(i) and T'(k — i — 1) are the average
runtimes of the recursive calls. The average over ¢ corresponds to the uniformly random selection of the pivot
index with ¢ = |{j € 1:k | ; < v}| in the first line of the inequality. When multiple elements are equal to the
pivot value, the inequality follows from the monotonicity of 7. The last two equalities follow by algebraic
manipulation. Then, an argument identical to Horowitz et al. (1998, theorem 3.3), since (11) is the same as
equation (3.8) in Horowitz et al. (1998), shows that T'(k) <4-d-k for all k > 1. O

Remark 3.5. An attentive reader may notice that QuickVaR resembles the algorithm for computing the
weighted median (Korte and Vygen, 2012, section 17.1). However, the weighted median algorithm does not,
in general, compute VaR. Define the quantile q,,a € (0,1) for & as the closed set

Q2] ={z€eR|P[2<2] >, Pl >2]>1—a},

with bounds qf[Z] := maxq,[Z] and g, [Z] := ming,[Z]. One can readily show that VaR,[Z] = ql[Z].
Although the precise definition of a weighted median varies, it is typically a value in q 1 [Z]. Because qf[Z] #
4. [Z], in general, VaR also does not equal the median. A careful analysis shows that the weighted median
algorithm in Korte and Vygen (2012, section 17) computes qg[ic], which does not equal VaR 1 [Z] in general.

4 Computing p-divergence Risk Measures in Linear Time

In this section, we describe and analyze QuickDivergence, a new linear-time framework for computing a
class of p-divergence risk measures, including CVaR and TVaR. QuickDivergence treats risk evaluation as
a linear optimization over a polymatroid. Standard polymatroid optimization algorithms must sort their
input, which requires Q(nlogn) runtime. We identify a structural condition of polymatroid risk measures
that allows us to avoid sorting and instead use the linear-time QuickVaR algorithm described in Section 3.

The remainder of the section is organized as follows. Section 4.1 describes a general linear-time algorithm
suitable for p-divergence risk measures that satisfy an EWS property (Definition 4.3). Then Section 4.2
shows that both CVaR and TVaR satisfy the EWS property and can be computed in linear time. Note that
we use a fixed distribution p € A,, and omit it in the notation when it is obvious from the context.
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4.1 QuickDivergence

We first recall the definition of a submodular function (Korte and Vygen, 2012, section 2.1) and a polyma-
troid (Korte and Vygen, 2012, definition 14.9).

Definition 4.1. A function f: 21" — Rsq is submodular if
fFA+ f(B) > f(AUB)+ f(ANB), VA BC1lmn.
For a submodular capacity function f: 21" — Rsq, a polymatroid Qs is a polytope defined as
Qr = {geRY | Lq < f(U), VU C I},
and a mormalized polymatroid is @f =09rNA,.

Polymatroids are useful in optimization because any coherent, comonotonic monetary risk measure can be
formulated as linear optimization over a polymatroid (Follmer and Schied, 2016, theorems 4.88 and 4.94).
Recall that a risk measure p is coherent if it is concave and positively homogeneous. A risk measure p
is comonotonic (additive) if for any comonotone Z,§: p[Z + §] = p|Z] + p[g], where the random variables
Z,7 € R™ are comonotone if (Z(i) — Z())(§(¢) — g(j)) > 0 for each i,j € Lin.

Proposition 4.2. A monetary risk measure p: A, x R"™ — R is a coherent comonotonic risk measure if
and only if
pl#] = min q'x, where c(A) = —p[-14], VAC L, (12)
qeQ.
where 14 is the indicator random variable of A. Moreover, if the risk measure is law-invariant, then there
exists g: R — R such that ¢(A) = g(1Tp4) for each A C 1in.

Proposition 4.2 follows from theorems 4.88 and 4.94 in Follmer and Schied (2016).

The standard solution to the polymatroid optimization problem in (12) is to use a greedy algorithm, such
as Algorithm 4.1. This algorithm adapts the standard polymatroid optimization, such as Korte and Vygen
(2012, section 14.2), to the normalized polymatroid Qf. See Proposition B.1 for the proof of correctness.
Note that the greedy approach in Algorithm 4.1 requires sorting and, therefore, runs in Q(nlogn) time.

Algorithm 4.1: Linear minimization over normalized polymatroids.

Input :submodular monotone function f: 25" — R, and an objective € R"
N o T
Output: g € arg min, 5 *'q
1 Use sort to get o: 1:n — Lin such that © > j = x5 > To(;), Vi,J € Lin;
2 for k € 1:n do
3 | Qo) < f(o(Lik)) = f(o(L:(k = 1))

4 return g

We now define a special class of submodular functions, called EWS, that makes sorting unnecessary when
optimizing a linear function over a polymatroid.

Definition 4.3. A function f: 2" — Rsq is EWS(u,m, k), or Element-Wise-Separable, for x € Rxg,
m € Ryg, such that Kk <1, k +m >1,and p € A, if f(A) = g(1Tpu4) for all A C 1:n and

(13)

min{x +m-x,1} ifz >0,
g(w):{ t f

0 otherwise.

EWS functions satisfy the properties necessary to define a polymatroid as we show next.

Proposition 4.4. An EWS function f: 2% — Rsq is submodular, monotone, and satisfies that f(0)) = 0,
and f(Q) = 1.
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Proof. To show that f is submodular, it is sufficient, from Lemma B.2, to show that ¢ is concave and
monotone on [0, 1]. The function g is concave on (0, 1] because it is the minimum of two affine functions (Boyd
and Vandenberghe, 2004). To extend concavity to [0, 1] observe that g(0) = 0 and for each A € (0,1] and
b € (0,1] we have

(I=Xg(0)+A-gb)=X-g0b) =min{A-s+m-A-bA} <min{x+m-A-b,1}=g(1—X)-0+X-b).

Because the inequality also holds for A = 0, g is concave on [0, 1] by the definition. The monotonicity, non-
negativity and the boundary value conditions for f follow by algebraic manipulation from the assumptions
on x and m. O

Algorithm 4.2: QuickDivergence: Linear minimization over EWS polymatroids.

Input :z €R", pe A,, EWS(p,m,«) function f: 28" — R,
Output: ¢* € argmin _~ x'q

qeQy
1 Choose kmin € argmin;eq., ©; s. t. p; > 0; break ties to choose the smallest ¢ // Analogous to
essinf

i QuickVaR(z,p, (1 — k)/m,1,n), if (1—k)/m <1,

2 ;
0, otherwise

3 Kep—{ielin|a;<v}; Koy {i€lin]|a, =v};
a4l |Key U{kmin}l;
0, L—min {x+m- 1Ty, 1)
6 for i € 1:n do
7 if ¢ = kpyin then ¢f < min{m - p; +,1} ;
8 else if ¢ € K., then ¢} <+ m - p;;
9 else if i € K, then ¢} < min{6;, m-p;}; 010, — ¢ 11+ 1;

1

o

else ¢ < 0;
11 return g*

Algorithm 4.2 describes QuickDivergence, an algorithm for polymatroid optimization. QuickDivergence
differs from the standard linear polymatroid algorithm in Algorithm 4.1 in that it does not require sorting
the input vector. Instead, the algorithm uses QuickVaR to partially sort the input vector.

The following theorem states the correctness and runtime of Algorithm 4.2.

Theorem 4.5. Algorithm 4.2 solves (12) in expected O(n) runtime.

Proof. To prove the correctness of Algorithm 4.2, we show that it returns g* that equals ¢ returned by the
standard Algorithm 4.1. Suppose that Algorithm 4.1 chooses a permutation o: 1:n — 1:n such that i < j =
To(i) < To(jy and To(s) = Tey N1 < j = o(i) < o(j) for each i,j € 1:n. In other words, the permutation
o needs to be generated by a stable sort algorithm except that it satisfies that o= (kyin) < 0~ 1(i) for each
1 # kmin such that z; = xy,_, . That is, kmin is sorted to be first among elements of the same value. We
emphasize that the stability assumption is only needed for our proof technique; the actual implementation
does not require it. Also, the standard Algorithm 4.1 works with any valid sort order.

We now prove that ¢F = §; for each 7 € 1:n by separately analyzing the following four cases.

(i) Suppose that i = k. Because p; > 0 from the construction of ki, then
g; =min{m-p; +r,1} = g(p;) = g(ps) — 9(0) = f{i} VT) = f(T) = &,
where J := {j € lin | 071(j) < o7'(i)} and 1},p = 0 by the construction of kmin.

(i) Suppose that i € K<y A # kmin. First, assume that z; > xi
O Q ’C<v that

From Lemma 3.2, we get for each

min *

1_
1Tpo <P[i<v] < —, (1)
m
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and, hence, from (13): f(O) =g (1"po) = k+m-1"po, when 1Tpp > 0. Let k := 0! (i) and note that
o(1:k) C K<, because if [ € 1:k, then x,) < 25 = 2; < v and o(l) € K<,. Then, since i # kmin:
@i = Gory = f(o(1:k)) — f(o(L:(k — 1)) = m - 1T poripo(i:(h—1)) =M Do(k) =M - Pi = ;.

The third equality follows from i # ki, and pg
construction.

i 7 0. Second, if z; < zy_,, then § = 0 = mp; = qf by

(#ii) Suppose that i € KX—, A i # kmin. Here, we use the assumption that o is a stable sort and prove the

claim by induction on ! € |K<y U {kmin}tl, - [K<o U{kmin}| + [K=o \ {kmin}| — 1 showing that
O =1- f(o(1:0)), (15)
do(1+1) = Qy(141)- (16)

To prove the base case, suppose that | = |, U{kmin}|- The equality in (15) holds by algebraic manipulation
from (13) since K<y U {kmin} = 0(1:1). The equality in (16) follows from (13) and (14). First, assume that
0; > 0; then
@i = Goq1) = flo(L:(1+1))) — fo(1:0))
=min {1, & +m -1 py.qs1y)} — K —m- 1Py (17)
=min {1 —x—m 1 Py, M Po(it1)}
= min{0;, m - p;} = gq;.
When 6; = 0, we get by algebraic manipulation that §; = 0 = ¢;.
To prove the inductive case, suppose that (15) and (16) hold for I, and we prove it for [ + 1. The equality
in (15) can be derived from (16) and the construction in Algorithm 4.1 as

Ori1 =00 — @541y = 01 — Goir) = 1 = flo(1:D)) = (Flo(L:(1+ 1)) — fo(L:D))) =1 = f(o(1:(I +1))).
The equality in (16) follows analogously to (17) if 6,41 > 0:

@i = do(+2) = [(0(1:(1+2))) — f(o(1:(1 4+ 1)))
=min {1, K +m- 1 pya.ar2)} — (1 —Oi41)

: T (18)
= min {91+1, k+m-1 Poi:42)) — flo(1:(l + 1)))}
=min {0111, M- pou42) } = G-
If 6,11 = 0, we get by algebraic manipulation that ¢, =0 = ¢;.
(iv) Suppose that i € K, := {j € 1in | z; > v} and let k = 0~!(i). Then, using (7) we have that:
1> f(o(L:k)) = f(o(1:(k —1))) > min{x + m - 1Tpg(1:(k,1)), 1} > 1,
since lTpU(lz(k_l)) > 1’7" from Lemma 3.2 and the construction of v in Algorithm 4.2. Then
& = Qo = F(o(1:8)) — F(o(Li(k —1)) = 0 = g.
O

4.2 Solving CVaR and TVaR in Linear Time

We show that CVaR and TVaR are two examples of p-divergence risk measures that can be formulated as
linear optimization over a polymatroid with an EWS capacity function and, therefore, can be solved in linear
time. To formulate the CVaR polymatroid optimization, we define the capacity function fSVaR: 2% - R for
each O C Q and a € [0, 1] as

min {1 -P[0],1} ifa € (0,1],
fOSJVaR(O) =40 ifa=0AP[O] =0, (19)
1 ifa=0AP[0O] >0

10
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The capacity function fCVaR for CVaR defined in (19) is well known, but is usually restricted to a €
(0,1) (Acerbi, 2002). The following proposition states its correctness; its proof is in the appendix.

Proposition 4.6. For each « € [0,1], Z: Q = R, and p € A,,:
CVaR,[7] = min z'gq. (20)

g€Qcvar
«@

Moreover, fCVaR s EWS(p, 1/a,0) when a > 0, and EWS(p, 1,1) when o = 0.

To compute TVaR, we define the capacity function fIV2R: 2% — R for each O C Q and a € [0, 1] as

min{P[O]—Fmin{,/%logé,l},1} if a € (0,1 AP[O] > 0,

faV0) = <o if P[O] =0, (21)
1 if o =0AP[O] > 0.

TVaR has been proposed in the context of ¢-divergence risk measures (Kruse et al., 2021) as well as in the
context of robust stochastic programming (Shapiro, 2017). TVaR is also very closely related to the Ly ball
used in robust Markov decision processes (Ho et al., 2021; 2022). However, we are not aware of prior work
that defines or uses the capacity function in (21). The following proposition (see the appendix for the proof)
shows that this function can be used to correctly formulate the TVaR evaluation using an EWS function.

Proposition 4.7. For each a € [0,1], Z: Q = R, and p € A,;:

TVaR, [i] = min z'q. (22)
qEQf};VaR

Moreover, fIVeR js EWS(p, 1, min {, / % log é, 1}) when o > 0, and EWS(p, 1,1) when o = 0.

Combining Theorem 4.5 with Propositions 4.6 and 4.7 yields the main result of this section: CVaR and
TVaR can be computed in expected linear time without sorting.

Corollary 4.8. For each o € [0,1], Z: Q@ = R, and p € A,,, let giy,g end @yag be the vectors returned
by Algorithm 4.2 with the capacity functions fSV2R and fIVaR | respectively. Then

CVaR,, [Z] = mTqEVaR and TVaR,, [Z] = a:quFVaR,
and both values can be computed in expected O(n) time.

Proof. Because fSCVaR and fIVaR are EWS with the stated parameters by Propositions 4.6 and 4.7, they
can be optimized with Algorithm 4.2. Theorem 4.5 then shows that g&y,g and gjy,r minimize x'q over

Qfcvar and Q srvar, Tespectively, in expected O(n) time, and the equalities follow from (20) and (22). O

5 Experiments

We evaluate the proposed algorithms empirically to confirm that their theoretical performance guarantees
translate into faster practical runtimes. We compare each linear-time algorithm against its standard sorting-
based counterpart. Throughout this section, we prefix the name of our linear-time implementation with a
“Q” to distinguish it from the sorting-based baseline, giving QVaR, QCVaR, and QTVaR. We also report
the runtime of computing the standard expectation E as a baseline.

Our implementation, along with the code and data needed to reproduce all results, is available at
https://github.com/marekpetrik/paper_lineartime_risk, and the implementation of the risk measures
is available at https://github.com/RiskAverseRL/RiskMeasures.jl. We ran all experiments on an AMD
Ryzen Threadripper 3970X with 32 cores and 64 threads at 4.5 GHz and 256 GB of RAM using Julia 1.13.1.
To reduce noise in the timing measurements, we disable the Julia garbage collector during each run. In

11
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Figure 2: Algorithms’ runtime for samples from a uniform random variable (left) and a sparse random
variable (right). Shaded regions denote 95% confidence bands over 10 independent runs.

addition to standard baselines, we also compare the runtime of QVaR with a PVaR algorithm that uses
Julia’s partialsort! function directly to avoid sorting. With uniform weights p, PVaR computes a k € N
analytically such that the k-th largest element of x equals VaR. Then, it uses partialsort! to find this
element. When p are not uniform, PVaR computes the minimum range k:l of possible indices of x that
equals VaR. PVaR then sorts the k:l largest elements of @ and searches them for the actual VaR value. The
range k:l is computed from min;cy., p; and max;ec1., p;-

We begin with synthetic data drawn from a uniform distribution with n samples, varying n from 106 to 107.
For each value of n we run every algorithm 10 times on independently generated samples and report the
mean runtime. Figure 2 shows the results on a log-log scale for random variables with uniform (left) and
sparsely-supported (right) distributions. We fix the risk level to a = 0.95, though the results are similar for
other levels except the degenerate cases « = 0 and « = 1. The shaded regions denote 95% confidence bands
over the 10 runs; the bands are tight because the measured runtimes vary little between runs.

The results confirm that the quick algorithms are substantially faster than their sorting-based counterparts,
with the gap widening as n grows. This behavior matches the theoretical analysis of Sections 3 and 4: the
sorting-based methods require O(nlogn) operations, whereas our algorithms run in O(n) expected time, so
the logarithmic factor separating them grows with the size of the probability space. The acceleration is most
consequential for VaR and CVaR, which are the most widely used risk measures in the applications discussed
in Section 1 and are frequently evaluated on large random variables.

As expected, PVaR outperforms QVaR for a uniform distribution since the partial sort need not manipulate
the constant list of probabilities p. When the probabilities are constant, PVaR is preferable to QVaR and
can also serve as a basis for implementing QTVaR and QCVaR. However, when the probability weights p are
not uniform, the partial sort algorithm must sort most of the random variable’s values. As a result, PVaR’s
runtime on a non-uniform distribution is similar to that of sort-based algorithms.

To confirm the speedups persist beyond large synthetic inputs, we repeat the comparison on two more
realistic settings. The first one is a stock market scenario, in which the random variable models the returns
of a financial portfolio. Table 2 reports the mean runtime and standard deviation of each method. The
second setting consists of small-scale problems, where the asymptotic advantage is least pronounced but can
be practically important when the risk measures must be computed repeatedly. Table 3 reports the mean
runtime on sparse random variables over probability spaces of size n ranging from 1000 to 10000, using the
same protocol as above but with 50 trials per configuration in place of 10. Even at these sizes, the quick
algorithms outperform their sorting-based counterparts for every method and every value of n, confirming
that the linear-time algorithms deliver consistent improvements across the full range of input sizes without
incurring any penalty on small inputs.

12



Published in Transactions on Machine Learning Research (10/2026)

Table 2: Algorithms’ runtime (ms) in the stock market scenario.
Method Mean St. D.

VaR 0.37  0.00
QVaR 0.13  0.02

CVaR 0.39 0.00
QCVaR  0.22 0.03

TVaR 040  0.01
QTVaR 025  0.05

E 0.01 0.00

Table 3: Algorithms’ mean runtime (ms) on small sparse domains.
n E VaR QVaR CVaR QCVaR TVaR QTVaR

1000 0.00 0.03 0.01 0.03 0.02 0.03 0.02
2000 0.00 0.06 0.02 0.06 0.03 0.06 0.04
3000 0.01 0.09 0.04 0.10 0.05 0.10 0.07
4000 0.00 0.13 0.04 0.14 0.06 0.13 0.08
5000 0.01 0.16 0.05 0.17 0.10 0.18 0.10
6000 0.00 0.20 0.08 0.21 0.10 0.21 0.11
7000 0.00 0.23 0.08 0.25 0.12 0.24 0.13
8000 0.00 0.27 0.09 0.28 0.13 0.28 0.15
9000 0.01 0.30 0.09 0.32 0.12 0.31 0.17
10000 0.01 0.33 0.11 0.35 0.16 0.35 0.19

Finally, we evaluate the algorithms in a small experiment using risk-averse value iteration with a nested risk
measure (Behzadian et al., 2021; Hau et al., 2023a;b). This example shows how the methods would be used
in an actual reinforcement learning problem. Risk-averse value iteration evaluates the risk measure multiple
times during every iteration. The domain we use is the inventory management problem (Hau et al., 2023b)
with 50-400 states and with half as many actions as states. We use the nested risk measure objective (Hau
et al., 2023b) which applies the risk measure iteratively in every iteration with fixed o = 0.95. As before we
verified that changing « does not drastically affect runtime, except in degenerate cases. Table 4 shows the
results. The results indicate that even small risk-averse reinforcement learning problems can benefit from
no-sort algorithms when using risk-averse value iteration.

6 Conclusion

We propose and analyze new algorithms for computing several common risk measures, including VaR, CVaR,
and TVaR, in O(n) expected time, where n is the size of the probability space. This compares favorably with
the O(nlogn) time required by sorting-based methods. This speedup is significant because risk measures are

Table 4: Algorithms’ runtime (ms) when used as a part of a reinforcement learning benchmark optimizing a
risk-averse objective in an inventory management domain.

n E VaR QVaR CvaR QCVaR TvaR  QTVaR

50 38.74 51.49 34.70 58.86 43.18 64.15 62.10
100 533.07 675.98  551.23 751.08 632.28 774.17 762.19
200 2080.17  3041.41 2134.01  3610.40 2737.83  3821.01  3669.45
400 5645.05 10914.77 5929.39 15436.73 8643.82 17063.76 16656.26

13
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frequently evaluated on large random variables in applications such as robotics, finance, and energy system
planning. An important direction for future work is to develop fast algorithms for other risk measures, such
as EVaR and expectiles.
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A Supplemental Results for Section 3

In this section, we summarize the standard and supporting algorithms for solving VaR. We also include
selected technical proofs for correctness.

Lemma A.1. For each t € R:
Plz=¢>0 = JweN,i(w) =t

Proof. P[Z =1t] =3 , ;(s)=¢Pw > 0, so the sum is non-empty. O

Algorithm A.1: Standard VaR algorithm
Input :z€R", peA,,and a € [0,1)
Output: VaR,,[7]
Sort @ indices to get o: 1:n — 1:n such that i > j = 2,3 = 2o(j), Vi, j € Lin;
qo < 0; // ¢ =P [5@ < xg(i)} when ,(;) unique
for i € 1:n do
Qi < qi—1 + Ps(i) ;
if ¢; > o then return z,(;;

g~ W N -

Proposition A.2. For each x € R", p € A,,, and a € [0,1), Algorithm A.1 returns VaR,, [Z].

Proof. First, one can readily show by induction that for each i € 1:n (note that values of & need not be
unique):
P[Z < 2,0i)] <qic1 <@ <P <a,0)]- (23)

Since a < 1 = gy, the algorithm is guaranteed to terminate with some i* € 1:n and return z,(;»). Therefore,
gi-—1 < a < g~ and applying (23) gives us that
P < Zo(v)] < g1 S < g SP[E< 200,

and the result holds by Lemma 3.2. O

The following lemma proves the properties of the partition operator defined in Algorithm A.2.
Lemma A.3. If (I,g,a',p') = partition(zx, p, v, f,b) for f <b, then:

T o1y <, x)., =, Ty > U (24)

g
Moreover, xfpp = m;(f:b),pf;b = p;(f:b for some permutation o: f:b —  f:b, and Ty(;_1) =

a:’l;(f_l),plz(f,l) = pll:(f—l)f and T(py1y. = :c’(b+1)m,p(b+1):n = p’(bﬂ):n. The elements outside of the
range f:b are not modified. The algorithm runs in O(b— f) time.
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Algorithm A.2: partition: Dutch national flag algorithm (Dijkstra, 1976, chapter 14)
Input :xz eR” peA,, pivot v=ux;,i € f:b, and front and back f,b€ 1l:in, f <D
Output: [,g € f:b, x € R", p € A,, such that Lemma A.3 holds

1lp<eg f;90 b k< 0;
2 while ¢, < g, do
3 if ., <v then
swap: T, <+ Ty, and pe, < pi.;
ley1 < e+ 15 epp1 e+ 15 gog1 < gk s
else if z., > v then
SWap: Te, <> Tg, and pe, < Pg,;

Gkt1 4 g — 15 b1 <= Ly epgr < exs
else epq1 < e + 15 gry1 < g lerr < Ui
10 k+—k+1
11 return (I, gr, @, p);

© o N O ook

Proof of Lemma A.3. Let v be an input to Algorithm A.2 and consider the following invariants.

zj <wv, Jje fi(ly—1), (25)
T; =, J€li:(er — 1), (26)
x> v, J € (gx +1):b. (27)

Ingtialization. For k = 0, conditions (25), (26), (27) are true because the pertinent intervals are empty.

Maintenance. At each iteration of the loop that starts on line 2 of Algorithm A.2; there are 3 possible
branches determined by the conditional logic: z., < v, z¢, > v, and z., = v. Since v, z,, € R one of these
branches must be executed for each iteration k.

Each time the z., < v or z., > v branch is executed, conditions (25) and (27), respectively, remain true since
in each case we swap the necessary elements to preserve each condition. Notice also that ej is incremented
alongside Ij to maintain ey, — I, = ex41 — k41 as is necessary for condition (26).

When z., = v, ex is incremented; since ey = lp, this creates a difference between ey and lj4;. Therefore,
(26) remains true.

Termination. In the loop on line 2 there are 3 possible paths of execution determined by the conditional
logic xe, < v, e, > v, and z., = v. Each of these paths of execution decreases g — e, by 1. This occurs on
lines 5 and 9 by increasing e, by 1 and keeping g; the same, or on line 8 by decreasing g by 1 and keeping
er the same.

Observe that gg—eg = b— f is non-negative since f < b. The difference g —ey decreases by 1 at each iteration,

and each iteration requires constant time to complete. Because the algorithm returns when g; — e; = —1, it
finishes in O(b — f) time.

Let t be the iteration at which the loop terminates, so that e; = g, + 1. Substituting e; — 1 = ¢; into (25),
(26), and (27) proves (24) with I = I, and g = g;. Finally, | < g because the pivot v occurs in ., swaps
only permute x5, and (24) places every element equal to v in [:g. O

B Supplemental Results for Section 4

The following proposition states the correctness of the standard polymatroid optimization algorithm when
applied to a normalized polymatroid.
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Algorithm A.3: QuickVaR: Non-recursive adaptation of Algorithm 3.1

Input : vector z°, pmf p® and aqg € [0,1)
Output: VaR,,[7]
fo<1; byg+n; k<« 1;
while by _1 > fk,1 do
k—1 ) .
Uk = Tpnd(fe 1 1) // Pivot
Ik, gk, ¥, p* < partition(z" 1, p* = v, fo1,bre_1) ; // Alg. A.2, Lemma A.3
lp—1 k.
b Zj=fk71kpj ;
g .
€k < Zj:lk bj ;3
if ap_1 <t then fk < fkfl; b + I — 1, ap ¢+ ag_1;
else if ty + e < ap_1 then fi < g +1; by < bp—1; ap < ap—1 —tp — e ;
else fi < gr; br < gk ;

k< k+1;
k=1 .
br—1’

© 00 N o ok~ W N

[y
o

return

[y
=

Proposition B.1. Suppose that f: 25" — R is submodular, monotone, f(0) = 0 and f(1:n) = 1, and let
x € R™. Then, Algorithm 4.1 computes § such that

q € argmin x'q. (28)
qeQy

Proof. First, we show that ¢ € Q ¢. Because the construction of ¢ in Algorithm 4.1 matches the construction
in proposition 14.10 in Korte and Vygen (2012), since f() = 0 and §,1) = f({c(1)}) — f(0) = f({a(1)}),
we have that ¢ € Q. In addition,

i=1 i=1
which implies that g € A, N Qy = @f, @f # (), and the minimum (28) exists.

To show that § is optimal, we reduce the optimization in (28) to the standard linear polymatroid maximiza-
tion problem with non-negative weights (Korte and Vygen, 2012, section 14.2) as follows:

Hll/I\l mTq = IIll/I\l (:13 — Tmax * l)Tq + Tmax
qeQy qeQy
T
= - ma;zi(xmax -1- w) q + Tmax
qeQy

> — max (Tmax - 1 — a:)Tq + Tmax
qeQy

= _(xmax -1 - m)Tﬁ + Tmax

A

=z'q.

Here, T.x := max;c1., ; and the equalities follow because @ ¢ is a normalized polymatroid and 17g = 1.
The second-to-last equality follows from theorem 14.11 in Korte and Vygen (2012) and the construction in
the greedy polymatroid algorithm. The reverse inequality minq6 3, x'q < 2" holds because § € Q fy as

shown above. O

The following lemma is folklore in submodular optimization (Bilmes, 2018, theorem 4.5.1). We state and
prove it for completeness.

Lemma B.2. Suppose that p € RY; and g: R>o — R is concave and monotone. Then f(A) := g(1Tpn) is
a submodular monotone function.

18
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Proof. The fact that f is monotone follows from the composition of two monotone functions. To prove that
f is submodular, we use the following properties that hold for each A, B C 1:n:

1 pans <1Tpa <17 paus, 1T pans <1Tps < 1T paus, (29)
1 pa+1Tpp = 1" pavs + 17 pans. (30)

The inequalities in (29) hold because p > 0 and the equality in (30) holds because A + 1T 4 is modular.
Suppose that 1T pans < 1T p4up; otherwise the submodularity condition in (33) below holds with equality.
Then, writing 174 and 1T g as a convex combination of 17 45 and 17 p 45 using (29) and the concavity
of g we get that

1Tps — 1 pans
1Tpaus — 1T pans

1Tpp — 1" pans
1Tpaus — 1T pans

9(1T/JA) > 1TI'LAUB - 1TI'LA
T 1Tpaus — 1T pans
g(lTIJ/B) > ]'TIJ’AUB - 1TIJ’B
T 1Tpaus — 1Tpans

9(1T pang) + 9(1T paus), (31)

9(1T paug). (32)

91T pans) +

Then summing (31) and (32) and algebraic manipulation yields that

FA) + f(B) = g(1Tpa) + 91T us) > 91T pans) + 91T pavs) = FANB) + fF(AUB),  (33)

which proves that f is submodular. O

Proof of Proposition 4.6. The function fCV2R is EWS by algebraic manipulation. The equality (20) for
a = 0 follows by algebraic manipulation. To prove (20) for o > 0, we use Proposition 4.2 and show for each
O C Q that

VAR (0) = min {a'15p, 1} =max {15g| g€ A,, g < a 'p} = —CVaR, [-10], (34)

using the dual CVaR formulation in (4). We prove (34) as two inequalities.

(i) The inequality
min {aillgp, 1} > max {lgq lge A, g< oflp},

holds because g feasible in the right-hand side satisfies that 15,g < a7'1}p, and 15,¢ <1Tq = 1.

(i) To prove that
min {a‘llgp, 1} < max {1gq lge A, qg< a_lp}, (35)

we analyze the following two cases.

(a) When 15p > a, let ¢ := (15p)~! - p ® 1o, which is feasible in the right-hand side of (35) and ® is
the Hadamard vector product.

(b) When 15p < o, let g := a1 -p®1lp+d-p® (1 —1p), which is feasible in the right-hand side
of (35) and d € R solves that d-1Tp ® (1 — 1p) = 1 — a™'1}p. Such d always exists because
1"po(1-1p) =1—-1,p > 1—a > 0. It is easy to verify that ¢ > 0 and 1Tq = 1. The
condition g < a~!p holds because d < a~! which follows from the inequality below after dividing
by 1Tpo (1 -1p) > 0:

1 1
d-1TpO(1-10) = 1-—15p < —1po (1 -1o).

Q

Also, g > 0 needs d > 0, which follows from lgp < a.
O

Proof of Proposition 4.7. The function fIVaR is EWS by algebraic manipulation. The equality (22) for «

such that 4/ % logi > 1, including o« = 0, follows by algebraic manipulation.
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It remains to prove (22) when 1/%10gé < 1. We use Proposition 4.2 and show for each O C () that

1 1
fIVaR(©) = min {lngr 1/ = log —, 1}
2 a
. 1 )
=max§16q g€ Ay, [p—glh < /2log =, g <pp=—TVaR, —1o].

using the TVaR definition in (5). We need to handle two special cases first. When 1gp = 0, then we have
that 0 = fIVaR(0) = g(0) = — TVaR4[—10] since ¢ < p in the TVaR definition in (5). When 15p = 1,
then we have that 1 = fTVaR(0) = ¢g(1) = — TVaR,|~10] since ¢ < p and 1Tq = 1 in the TVaR definition
in (5).

(36)

Finally, we prove (36) as two inequalities when 0 < 15,p < 1. (i) To prove that

1 1 1
min{lil(;p—l—\/2logoé7 1} >max{1-(';q lge A, |lp—qli < \/210ga},

observe that g feasible in the right-hand side implies that |p—gq|1 = 15|p—q|+(1—-10)"|p—q| < y/2log 1
and (1 —10)"(p — q) = 15(q — p) since p,q € A,,. Then

(15(@—p)+(1-10)"(p—q)) +15p

1.1
(1olg —pl+ (1 -10)Tp—al) +16p </ 5 log — + 15p,

15g=15(q—p) +15p =

N | =

N =

and 1-('-9q <1Tq=1.

(ii) To prove that

11 1
min{1£p+ \/ 5 los = 1} < maX{lcToq g €A, lp—q|1 < \/210ga},

we analyze the following two cases:

a) When 15p+ (/2log: >1,let ¢ := (1,p)~! - p® 1o, where ® is the Hadamard vector product.
@] 2 «a @]
This q is feasible in the right-hand side and satisfies the inequality.

(b) When 15p + 1/%logé <1, let
12—9P+1/%10gé

g= —32 "% polo+
15p

(1-10)'p—4/5logl

(1 — 1(9)Tp

which is feasible in the right-hand side and satisfies the inequality. Neither one of the divisions is
by 0 since 0 < 1IQp < 1.

O
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